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Smoluchowski’s coagulation theory is adopted to estimate the induction period for the
formation of the critical nuclei of CaCO3 in a supersaturated CaCl2-Na2CO3 aqueous
solution. The effects of the presence of impurity and crystal seeds, degree of supersatu-
ration and operating temperature on the induction period are discussed. The association
coefficient between two clusters is found to depend on both the degree of supersaturation
and the temperature. The estimated activation energy for the association between two
clusters is about 200 J/mol, which implies that the association between two clusters is of
physical nature. It is found that the increase in the induction period with the presence of
Mg2� may be caused by an increase in the solid-liquid interfacial energy, and a decrease
in the association coefficient. Due to van der Waals attraction, the addition of crystal
seeds increases the concentration of clusters near seed surface, and, thus, yields a shorter
induction period. © 2005 American Institute of Chemical Engineers AIChE J, 51: 480–486, 2005
Keywords: Calcium carbonate, induction period, effect of operating variables, Smolu-
chowski’s coagulation theory, association coefficient

Introduction

The classical theory of homogeneous nucleation indicates
that when the solution is supersaturated the monomers in
solution start to coagulate and then to form clusters. The
existence of clusters in a supersaturated solution has been
justified experimentally.1-3 If the size of a cluster exceeds a
critical size, a nucleus is formed, and the subsequent growth of
nucleus leads to a crystal. The time interval between the onset
of supersaturation and the formation of a cluster of critical size
is defined as the induction period tind. Many methods, including
conductivity,4,5 intensity of transmitted or scattered light,6-8

heat released,9,10 activity of precipitated ions11 and pH of
solution,12 have been applied for the determination of induction
period. The results show that the induction period decreases
with an increase in supersaturation, temperature, and agitation
speed. The presence of impurity in solution prolongs the in-

duction period. On the other hand, the addition of seed in
solution reduces the induction period.

In theoretical, Söhnel and Mullin13 have analyzed the induc-
tion period resulting from various nucleation and growth mech-
anisms for the case of unseeded precipitation. From the depen-
dence of the induction period on solution supersaturation, it is
possible to deduce whether the new phase appearance is gov-
erned either by nucleation (or nucleation followed by growth)
or by growth alone. Verdoes et al.11 derived a general expres-
sion of induction period by using a combined analysis of the
induction period in both seeded and unseeded precipitation.
These expressions are used for finding the dependence of
induction period on the supersaturation for different nucleation
and crystal growth mechanisms. Qian and Botsaris14 proposed
a model, which takes the interaction force between cluster and
seed surface into account, to calculate the induction period and
nucleation rate for interpreting the catastrophic secondary nu-
cleation. In a recent study, Chien et al.15 derived a kinetic
model to estimate the induction period of CaCO3 in a super-
saturated CaCl2-Na2CO3 aqueous solution. For simplicity, it is
assumed that the size of a cluster increases geometrically, that
is, the number of elementary entities contained in a cluster has
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a value of 2k, where k is a positive integer. Apparently, this
model is an idealized one since the aggregation of clusters of
various sizes may lead to a larger cluster of arbitrary size.

In this work, the induction period of the precipitation of
CaCO3 is calculated based on Smoluchowski’s coagulation
theory, which yields the temporal variation of cluster size
distribution. This is an extension of our previous analysis in
that a more realistic and rigorous kinetic mechanism is consid-
ered. The effects of the presence of impurity and seed crystals,
degree of supersaturation, and operating temperature on the
induction period are also discussed.

Theoretical

Suppose that the collision of two clusters yields a larger
cluster containing the sum of the entities in each, and the
breakup of a large cluster yields two smaller ones. Then, the
temporal variation in cluster size distribution can be described
by Smoluchowski’s coagulation theory16

dCn

dt �
1
2 �

k�1

n�1

�an�k,kCn�kCk � bn�k,kCn�

� �
k�1

�

[ankCnCk�bnkCn�k] (1)

where Cn is the concentration of clusters of size n (n-mer), aij

is the association coefficient between clusters of sizes i (i-mer)
and j (j-mer), bij is the dissociation coefficient of clusters of
size (i�j), and t denotes time. Here, aij measures the rate of
formation of clusters of size (i�j) through association of clus-
ters of sizes i and j, and bij determines the rate of formation of
clusters of size i (or j) through breakup of clusters of size (i�j).
If bij�0, it can be shown that Eq.1 can be solved analytically
for the following three special cases 17

Case 1: aij � K1 (2a)

Case 2: aij � K2�i � j� (2b)

Case 3: aij � K3ij (2c)

In these expressions K1, K2, and K3 are constants. Equation 2a
implies that the rate of formation of a cluster is independent of
the sizes of its precursors. Equation 2b suggests that the rate of
formation of a cluster is proportional to the sum of the sizes of
its precursors, and Eq. 2c states that the rate of formation of a
cluster is proportional to the product of the sizes of its precur-
sors. The temporal variation in mean cluster size n� , can be
derived according to Eqs. 2a–2c 17

Case 1: n� � 1 �
K1Cot

2
(3a)

Case 2: n� � exp�K2Cot� (3b)

Case 3: n� �
2

2 � K3Cot
(3c)

where Co denotes the initial concentration of monomers.

According to the classical theory of homogeneous nucle-
ation, when a solution is supersaturated the monomers in
solution start to coagulate and then form clusters. If the size of
a cluster exceeds a critical size gc, a critical nucleus is born, and
its subsequent growth leads to a crystal. The critical cluster size
can be estimated by employing the thermodynamics argu-
ments,18 and was derived by Qian and Botsaris14

gc �
32�Vm

2 �3

3�kT ln Sa�
3 (4)

In this expression, Vm is the volume of a monomer, � is the
interfacial tension of crystal, k is the Boltzmann constant, T is
the absolute temperature, and Sa is the degree of supersatura-
tion, which can be evaluated by

Sa �
CCaCO3�	

CCaCO3eq�	eq
(5)

where CCaCO3
is the initial concentration of CaCO3, CCaCO3eq is

the equilibrium concentration of CaCO3 in an aqueous NaCl
solution, which can be found in the literature,19,20 and �	 and
�	eq are the mean activity coefficient and equilibrium mean
activity coefficient, respectively, which can be estimated by
Bromley correlation.21

We assume that when the mean cluster size in a solution
reaches the critical cluster size the primary nucleation occurs
spontaneously. The time at which n� reaches to gc is defined as
the induction period tind. Let n��gc and t�tind in Eqs. 3a–3c,
and solve the resultant expressions for tind, we obtain

Case 1: tind �
2

K1Co
�gc � 1� (6a)

Case 2: tind �
1

K2Co
ln gc (6b)

Case 3: tind �
2

K3Co
�1 �

1

gc
� (6c)

These expressions, together with Eqs. 4 and 5, provide the
formulae for the calculation of the induction period.

When impurities are present in the solution, they may affect
crystal growth. Consider, for example, magnesium ions as the
impurities, the interfacial tension of CaCO3, �, varies accord-
ingly, and our experimental results reveal that22

� � 2028.4 � �Mg2�� � 68.4 (7)

Substituting this expression into Eq. 4 gives the critical nuclei
size when Mg2� is present in the liquid phase. Then the
induction period can be estimated using Eqs. 6a–6c for various
cases.

Experimental evidence reveals that the introduction of crys-
tal seeds will accelerate the rate of crystal growth. Due to van
der Waals attractive force, the concentration of clusters near
the surface of a seed is higher than that in the bulk liquid phase,
and, therefore, the rate of association between clusters is ac-
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celerated. It can be shown that the concentration of spherical
monomers of radius r1 at a distance d from seed surface C
o,
is14

C
o � Coexp� A

6kT

r1

d� (8)

where Co is the bulk concentration of monomers, and A is the
Hamaker constant, which is about 1.61 � 10�20 J for CaCO3.
23 The most proper value of d is 3.2 � 10�10 m for CaCO3.22

The induction period for the case, when crystal seeds are
present, can be estimated by replacing Co with C
0 in Eqs.
6a–6c.

Results and Discussion

This theoretical model is fitted to the experimental data of
CaCO3 in a supersaturated CaCl2-Na2CO3-H2O solution. The
experimental data used in this study have been reported in a
previous study.24 The applicability of Eqs. 6a–6c is first ex-
amined to determine the association mechanism. The result
obtained is then applied to interpret the effects of Mg2� impu-
rity, seed crystals, degree of supersaturation, and operating
temperature on the induction period.

Estimation of association coefficient

To calculate the induction period, based on Eqs. 6a–6c, the
following values are used: k�1.38 � 10�23 J/K, and
Vm�6.13 � 10�29 m3/molecule, which is calculated by Mw/�N
using Mw�0.1 kg/mol, ��2710 kg/m3 and N�6.02 � 1023

molecules/mol. The average value of interfacial tension, �, in
the absence of impurities is about 68.4 mJ/m2 over the super-
saturation range, 3� Sa �10,22 and this value is used in all the
calculations except that when impurities are present. Then, the
most proper values of association coefficient K1, K2, and K3 in
Eqs. 6a, 6b, and 6c, respectively, are further estimated by
fitting the experimental data of induction period.

The theoretical values of tind calculated from three different
association mechanisms and coefficients are summarized in
Table 1. Examining Table 1, we notice that Eq. 6a fits best
among the three. The determination of best mechanism is based
on the total absolute deviation, 	, between the theoretical and
experimental induction periods. The 	 is defined as ¥ �tind,exp

� tind,the�/tind,exp. The values of 	 obtained from different
mechanisms and association coefficients are also listed in Table
1. The values of 	 show that mechanism based on Eq. 6a with
constant K1�2 � 10�18 gives the smallest value of 	 � 3.02.
Therefore, the theoretical curve fitted by the theoretical points
of Eq. 6a at K1�2 � 10�18 are most close to the experimental
points. Furthermore, analysis of experimental data is based on
this model, which means that the association coefficient is
independent of cluster size. The results indicate the decrease in
the induction period at higher degree of supersaturation, which
gives a smaller critical nuclei size and a larger initial concen-
tration of clusters for their association. Figure 1 illustrates the
theoretical induction period calculated from Eq. 6a. The curves
in this figure were fitted using theoretical values. The experi-
mental data are also shown in the figure for comparison. The
association coefficients used in Figure 1 to calculate the induc-
tion period are K1�1 � 10�18, 2 � 10�18, and 4 � 10�18.

Effect of temperature

Figure 2 shows the theoretical results based on Eq. 6a, and
the experimental data for the induction period as a function of
supersaturation at three different levels of temperature. This
figure suggests that K1 depends on the temperature. As men-
tioned in the section of supersaturation effect, the best values of
K1, based on the total absolute deviation, 	, must be found
before calculating the theoretical induction period from Eq. 6a.
It is found that smallest value of 	 calculated at different
temperature is 	�1.89 for K1�1 � 10�18 at T�288K, 	�1.01
for K1�2 � 10�18 at T�298K, and 	�4.18 for K1�3 � 10�18

at T�308K. Therefore, the most proper values of K1 for
calculating induction period at different temperature are 1 �
10�18, 2 � 10�18, 3 � 10�18 for T�288k, 298K, and 308K,
respectively. The results show that the calculated induction
periods are in a good agreement with the experimental values.
The decrease in the induction period at a higher temperature
could be interpreted by a change in association coefficient,
which implies a higher association rate between two solute
clusters at higher temperature. We suppose that the dependence
of the association coefficient K1 on the temperature takes the
Arrhenius form

K1 � Koexp��
Ea

RT� (9)

where Ea denotes the activation energy for the association of
clusters, and Ko is a constant. According to Eq. 9, a plot of lnK1

against 1/T should yield a straight line with a slope of -Ea/R.
The linear relation between lnK1 and 1/T is justified by Figure
3; the slope of the straight line is -24.05, and the activation
energy for the association of clusters is about 200 J/mol. This
result implies that the association between two clusters is of
physical nature.

Effect of impurity

Table 2 shows the experimental data of induction period
(column 3) reported in the literature5, 24 at different levels of
initial concentrations of CaCl2 and Na2CO3 (column 1), and
various molar concentration ratios of magnesium to calcium
ion (column 2). In a narrow supersaturation region the interfa-
cial tension is independent of supersaturation and can be ex-
pressed as a function of concentration of magnesium ions, that
is, Eq. 7.22 The calculated � under different Mg2� concentra-
tions are presented in column 4. Then the values of � are
substituted into Eq. 4 to obtain the critical nuclei sizes gc

summarized in column 5. A further substitution of tind,exp and
gc into Eq. 6a, the corresponding values of K1 are obtained and
they are shown in column 6. As can be seen in Table 2, K1

decreases with the increase in [Mg2�]/[Ca2�] at each level of
CaCl2 (or Na2CO3) concentration. Figure 4 summarizes the
variation of K1 as a function of [Mg2�]/[Ca2�]. A regression
analysis yields the following empirical equation with a corre-
lation coefficient of 0.89

K1 � 1.238 � 10�18�1.322 �
�Mg2��

�Ca2��� (10)
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Figure 1. Variation in the induction period calculated by
Eq.6a as a function of supersaturation at three
different values of association coefficient.
Discrete points represent experimental data. Œ : Söhnel and
Mullin5, F : Chien et al.15. - - : K1 � 1 � 10�18, — : K1 �
2 � 10�18, — � — K1 � 4 � 10�18.

Figure 2. Variation in the induction period as a function
of supersaturation at various solution temper-
atures.
Discrete points represent experimental data and the curves
represent theoretical values predicted by this model. F : T �
288 K, ■ : T � 298 K, Œ : T � 308 K.24 - - : K1 � 1 �
10�18 for 288 K, — : K1 � 2 � 10�18 for 298 K, — � —
: K1 � 3 � 10�18 for 308 K.
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Figure 5 illustrates the variation of the induction period as a
function of the concentration ratio [Mg2�]/[Ca2�] at various
initial concentrations of CaCl2 or Na2CO3, using the experi-
mental data reported by Söhnel and Mullin,5 and Tai and
Chien,24 and the theoretical values predicted by this model. The
theoretical values are calculated by Eq. 6a in which K1 is
calculated from Eq. 10, and gc is estimated by substituting Eq.

Figure 3. Variation of lnK1 as a function of 1/T for case 1.

Table 2. The Theoretical Value of K1 is Calculated by
Substituting tind (column 3) and its Corresponding Value of

gc (column 5) into Eq. (6a) for Different Levels of Initial
Reagent Concentration and Concentration Ratio of Mg2� to

Ca2� at 25°C

[CaCl2] �
[Na2CO3]
[mol/L]

�Mg2��

�Ca2��
[-]

tind,exp

[s]
�

[mJ/m2]
gc

[-]
K1 (�1019)
[L/mol � s]

0.0015* 0.2 210 69.0 139 14.5
0.4 250 69.6 143 12.6
0.6 345 70.2 147 9.37
0.8 375 70.8 151 8.86
1.0 510 71.4 154 6.65

0.0025* 0.2 90 69.4 94 13.8
0.4 145 70.4 98 8.89
0.6 180 71.4 103 7.53
0.8 240 72.5 107 5.87
1.0 360 73.5 112 4.10

0.0035* 0.2 54 69.8 77 13.4
0.4 70 71.2 82 11.0
0.6 96 72.7 87 8.50
0.8 150 74.1 92 5.76
1.0 225 75.5 98 4.09

0.0040* 0.2 36 70.0 70 15.9
0.4 54 71.6 75 11.4
0.6 84 73.3 81 7.91
0.8 132 74.9 86 5.35
1.0 210 76.5 92 3.60

0.0045** 0.2 14 70.2 65 33.8
0.4 40 72.1 71 12.9
0.6 70 73.9 76 7.91
0.9 140 76.6 85 4.43

* Experimental data of Tai and Chien.24

**Experimental data of Söhnel and Mullin.5

Figure 4. Variation in the association coefficient K1 as a
function of the molar concentration ratio
[Mg2�]/[Ca2�] at T�298 K.

Figure 5. Variation of the induction period as a function
of the molar concentration ratio [Mg2�]/[Ca2�]
at various concentrations of CaCl2 (or
Na2CO3).
Discrete points represent experimental data, and the curves
represent theoretical values predicted by this model. Œ :
[CaCl2] � [Na2CO3] � 0.0015 mol/L.24 } : [CaCl2] �
[Na2CO3] � 0.0025 mol/L.24 ■ : [CaCl2] � [Na2CO3] �
0.0035 mol/L.24 F : [CaCl2] � [Na2CO3] � 0.0040 mol/L.24

� : [CaCl2] � [Na2CO3] � 0.0045 mol/L.5 - - - : [CaCl2] �
[Na2CO3] � 0.0015 mol/L. — – – – — : [CaCl2] � [Na2CO3]
� 0.0025 mol/L. — – — : [CaCl2] � [Na2CO3] � 0.0035
mol/L. — : [CaCl2] � [Na2CO3] � 0.0040 mol/L. — – – —
: [CaCl2] � [Na2CO3] � 0.0045 mol/L.
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7 into Eq. 4. As can be seen from Figure 5, the performance of
this model is satisfactory, except the data at higher ratio of
[Mg2�]/[Ca2�] for the case of the lowest initial reagent con-
centration. This suggests that the presence of Mg2� increases
the induction period through raising the interfacial tension and
decreasing the association coefficient.

Effect of crystal seeds

The variation of the induction period as a function of super-
saturation for the case when crystal seeds are introduced is
shown in Figure 6, in which the corresponding results for the
case when crystal seeds are absent are also shown for compar-
ison. The curves represent the theoretical value of induction
period calculated by Eq. 6a, in which Co is replaced by C
0 . The
concentration of monomers in the vicinity of a seed surface C
0
is evaluated by substituting Co into Eq. 8. Here, we assume that
the association coefficient of clusters is the same as that of the
unseeded case, that is, K1�2 � 10�18. Figure 6 reveals that the
induction period for the seeded case is shorter than that of the
unseeded case. The value of 	 calculated from the theoretical
and experimental values of induction period is 1.05, meaning
that the agreement between theoretical values and experimental
data is satisfactory. The decrease in the induction period when
crystal seeds are present can be explained by an increase in the
concentration of clusters near crystal surface. This also implies
that van der Waals attractive force between cluster and crystal
seed plays a significant role in the formation of critical nuclei
of CaCO3 in the secondary nucleation regime. On the basis of
atomic force microscopy (AFM) examination on protein,
Kuznetsov et al.25 found that the degree of supersaturation in

the vicinity of a crystal is higher than that in the bulk liquid
phase. This provides an indirect evidence for this theory.

Conclusion

The effects of supersaturation, temperature, the presence of
Mg2� and crystal seeds on the induction period of CaCO3 are
studied by employing Smoluchowski’s coagulation theory. The
analysis of the experimental data reveals that the rate of asso-
ciation between two clusters is independent of their sizes. The
association coefficient depends on both the temperature and the
presence of impurity. The order of magnitude of the activation
energy, which is 200J/mol, suggests that the association be-
tween two clusters is of physical nature. The increase in the
induction period when Mg2� is present may be caused by an
increase in the solid-liquid interfacial energy, and a decrease in
the association coefficient between two clusters. The introduc-
tion of crystal seeds has the effect of reducing the induction
period. This is mainly caused by an increase in the concentra-
tion of clusters in the vicinity of seed surface, due to the van der
Waals attractive force existing between the clusters and seed
crystals.
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Notation

aij � the two cluster association coefficient
bij � the two cluster dissociation coefficient
Co � initial concentration of solute in the solution, mol/L
C
o � initial concentration of solute near the surface of seed crys-

tal, mol/L
Cn � the concentration of clusters of size n (n-mer), mol/L

d � distance from the crystal surface, m
Ea � active energy of coagulation, J/mol
gc � size of critical nuclei

K1, K2, K3 � coagulation rate constant defined in Eqs. 2a, 2b and 2c,
L/mol � s

k � Boltzmann constant, J/K
Mw � molecular weight, kg/mol

n� � the average size of clusters
N � Avogadro number
r1 � radius of the monomer, m
R � gas constant, J/mol � K

Sa � supersaturation based on activity
t � coagulation time, s

tind � induction period, s
T � absolute temperature, K

Vm � volume of monomer, m3

�	 � average ionic activity coefficient in the supersaturation so-
lution

	 � total absolute deviation between theoretical and experimen-
tal induction periods

� � density of crystal, kg/m3

� � interfacial energy of the crystal cluster, mJ/m2

Literature Cited
1. Larson MA, Garside J. Solute clustering in supersaturated solutions.

Chem. Eng. Sci. 1986;41:1285-1289.
2. Azuma T, Tsukamoto K, Sunagawa I. Clustering phenomenon and

growth units in lysozyme aqueous solutions as revealed by Laser light
scattering method. J. Cryst. Growth. 1989;98:371-376.

3. Myerson AS, Pei YO. Diffusion and cluster formation in supersatu-
rated solutions. J. Cryst. Growth. 1990; 99:1048-1052.

Figure 6. Variation of the induction period as a function
of supersaturation at T�298K.
Discrete points represent experimental data and curves repre-
sent values predicted by this model. ■ : unseeded case.24

F : seeded case.24 —; unseeded case, model prediction,
– – – – ; seeded case, model prediction.

AIChE Journal 485February 2005 Vol. 51, No. 2
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